Chapter 9
Introduction to Triadic Graphical Calculus

9.1 INTRODUCTION

This chapter introduces the binary and triadic nota-
tions which appear in the referenced papers on the para-
1lel Boolean processor and mosaic functions.

Included is the triadic map algorithm for finding
the complete sum of the function y = F(x), which is part
of the set of applications for the parallel Boolean proces-
sor. This algorithm is programmable and is based upon the
theorems of Chapter 11. The chapter concludes with the
triadic and binary logical instrument card decks which
have been successfully used to demonstrate the algorithm.

9.2 BINARY SPACE NOTATION
A system X of n Boolean variables where
X, < {0,1} for 0 < i < n-1

may be répresented in terms of the ALGEBRA OF SETS by a
LOGICAL SPACE which is the universe of the system.

. The logical space consists of all points X where
each point represents a particular validity configuration
of the variables of the system. The total number of
points in the logical space is 2", The Marquand map will
be used to represent the logical space.

The point x in the logical space is identified by:
X = (xn_1 X g o0 X x0)2

= .on-1 ,on-2 .ol .00
= X ) 2 + X 9 2 + ... + Xy 24 + X, 2
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The integer x is termed a POINT IDENTIFIER.
A MINTERM in Boolean algebra is a function defined by:

ma = Xn-l Xn—2 X1 XO

X, € {xi,ii} for 0 < i < n-1
The function m is equal to 0 everywhere except for
a single configuration of values for the variables. When
this function is charted in the logical space, the space
is filled with zeros everywhere except at a single podint
where it is 1.
It has been an accepted policy to give the index of
m_ the value of the point identifier for the point where

ma = 1. Under that convention:

]

m 0 for x = a

a

1 for x' = a

[

m
a

The index a is termed the MINTERM IDENTIFI&R and has
the form of a2 binary number

_ .on=1 ,nn=2 .ol a0
a=a ,*2 ta o2 oot ar2 + a2
where
a, « {0,1}
J

The following is the correspondence between a and
the minterm identified:

Or:
1)

(x; = x5) <=> (a

ij) <=> (aj = 0)

(xj

Figure 9.1 demonstrates the Marquand map for ma =Mmg-
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X X
3 2

Figure 9.1. Marquand map for the
function m = X4X, X Xy (ma = mlo).-

9.3 TRIADIC SPACE NOTATION

A TERM is a Boolean function defined by:

Bh = (X)) =Xy X, - X X
where
%, e {1, Xy, xi}

For a logical system X with n Boolean variables, Svoboda
created a TRiaDIC SPACE of 3" points in order to represent
all possible terms belonging to the logical system. A
triadic map is used to represent the triadic space.

The TERM IDENTIFIER h is defined as a triadic number:

_ L an-1 .an-2 L al . a0
9;f bn-l 3 + hn_.2 3 + ...+ hl 3" + h0‘3
where
h, e {0,1,2}
The following is the correspondence between hj and
the term identified:
X, 1 X X,
h| | b 3
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hsh,

Figure 9.2. Triadic map with minterm space
labeled with point identifiers.

Or:
(xj =1 ) <=> (hj
(Xj = XJ) <= (hj
(Xj = %y <=> (hy

The triadic map was devloped
cal medium for the representation

0)

1)

2)

by Svoboda as a graphi-
of Boolean forms. A

triadic map for four-variable space is shown in Figure 9.2,
Note that the space of minterms (or minterm cube) is a
subspace of the triadic space. The minterm cube on the
triadic map includes only those terms th which have only

nonzero digits as the coordinates
Or,

Space of minterms = {th
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of their identifiers.

hj e {1,2}}
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9.4 CORRELATIONS BETWEEN BINARY AND TRIADIC SPACE

The Karnaugh map, Marquand map, and triadic map
for a four-variable system are shown in Figure 9.3.
Each is labeled with point identifiers. Figure 9.3c
demonstrates the relationship between triadic terms
53 and 80 and minterms 8 and O respectively.

Figure 9.4 demonstrates the relationships between
the terms of the triadic space and the configurations
of the binary space for four variables using the Marguand
map. Note that the larger structures have the lower-
numbered point identifier. This is an important feature
of the triadic map and relates to the '"ordering of impli-

cants'" referred to previously.

9.5 TRIADS
A TRIAD is a set of three points:
{th | h € {a,b,c}}

from the triadic space whose identifier coordinates hi
agree for all variables except one, xj. For the variable

xj, the coordinates of the points of a triad are bound
through the relationships:
h a b c
h, |0 1 2
J

The terms of the points of any triad are logically related

through:
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Figure 9.3.
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Triadic

map.

Maps and thelr identifiers.

80

Marquand Map.
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01 XX,  CUBE

44 1%, EDGE

X ——

X MINTERM

3 2

Figure 9.4. Structures in binary and triadic space.
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And also, note that

C -b=Db-ga = Sj

Three points which are a triad form a triadic line in
the triadic space, as shown in Figure 9.5. Several
triads are shown in Figure 9;6. This corresponds to

the edge formed in binary space by two points whose
logical distance is 1. If tb and tC are minterms, then
ta is the term representing the edge in binary space.
This and other relationships are detailed in Figure 9.7
for a four-variable space. (The four-variable épace'was
chosen for convenience and no limitation on problem size
is to be inferred.)

~
110
| }
| 4
X 00
12 edges
Binary space
o N 2 h triadic line 020 21 29
0 1 210 1 2 o 1 2 ho

0
o1 \ 12

) \ 4 /

° f} 002
11

2 T T 102

L+

/ 00 01 LAbo2

21 /

2 ' Triadic space
"3ty triads : )

Figure 9.5. Spatial relationships.
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11
2
triad 2
° £
21 ;
: - e 1{
hsh, triad 1
hshyhhy
Triad 1: ta = XX, X, a=74=(2202 )3
t, = XX, X, X b=77= (2212 )3
tc = X3X,X, X c=8=(2222 )3
Triad 2: ta = X3 X Xg a=62=((2022 )3
tb = XXpX Xy b=71=(2122 )3
tC = XX X X c=80=(2222 )3
Triad 3: ta = X, a=18=(0200 )3
@b,= X, X, b=19=(0201 )3
t. = X% x0 c=20= (0202 )3

Figure 9.6. Example triads.
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9.6 INFORMATIONAL CONTENT OF MAPS

The amount of information that can be presented in
each of the two graphic mediums, binary maps (Marquand,
Karnaugh, Veitch) and ternary or triadic maps, highlights
their differences. There are three symbols which are
used for binary maps, as shown in Table 9.1; there are
eight symbols for the triadic map (Table 9.2). The
position of a square within a triadic map also imparts
data (this is due to the ordering of implicants). |

Also, note that reduction figures (edges, faces,
cubes, etc.) must be drawn or visualized for the binary
maps, while for the triadic map such structures are repre-
sented by a single term. _

Referring to Figure 9.7, given the tb and tc terms
of a triad, the notation for the ta term is found using
Figure 9.8. For example, if two minterms of a function
form an edge, the ta term of their triad is noted as I,
an implicant of the function. If only one of the two
minterms belongs to y and the other belongs to Y = vy,
then the edge as a structure does not exist as noted by
the symbol 9.

9.7 BOOLEAN NOTATIONAL FORMS

There are several notational forms which can occur
for Boolean functions. For the function y = F(x), these
are (1) the canonical £l form, (2) the :tn form, (3) the
maximal Nl form, and (4) the complete sum. Equivalent

notational forms exist for the complement function Y = y.
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Symbol Definition Name
. m,o=>y Minterm of y
0 m, => Y Minterm of Y
i (ma => y) Vv (ma => Y) Don't care
Table 9.1. Binary map symbols.
Symbol Definition Name

#

Also used:

I

N

(th N ma) ¥ (th ) ma)
At ) ¥ (g T

(th = ma) A (th > y);
N (th > Y)

(th = ma) A (th + Y);
~ (g > y)

(b > ¥)5 ~ (g > Y)
(t, > V5 ~ (g > ¥)

“‘(th+Y)/\(th+y)
V"v(th—>y)

~ (g > y) A (th > Y)
N o~ (th +> Y)

- (th > y) A (th > Y)

Given term of Ill-form of y

Given term of Ill-form of Y

Table 9.2.

Don't care

Minterm of y

Minterm of Y

Implicant of y
Implicant of Y

Nonimplicant of y

of Y

Nonimplicant

Nonimplicant
nonimplicant

of y and
of Y

Triadic map symbols.
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o
—
N

Triads

///gfq
zﬁi:—~él cl| £ f])f el el £fle]e
Triads
m| m

h3h2
Key:
m: minterms
e: edge: edges are ta terms of triads whose tb and tc

terms are minterms.

fr face: faces are ta terms of triads whose t, and tc

b
terms are edges.

c: cube: cubes are ta terms of triads whose tb and tc

terms are faces. Cubes are extended to n dimentions.

a8 space:( universe )the ta term of triads whose tb

i
and tc terms are cubes wheren = n - 1.

Figure 9.7. Detail of term relationships

for a four-variable map.
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Figure 9.8. Triadic map symbol intersection chart.
(Note that some intersections are impossible but are defined.)

9.7.1. Canonical rLll-form.

The canonical Zll-form of a Boolean function y is the
unique sum of all of the minterms for which for function

y = F(x) is true.

y=2%m-+f forallae{a]f =11} = {a}
. a a "a a y

The Marquand and triadic maps of an example function are
shown in Figure 9.9,

The canonical Ifl-form of the complement Boolean func-
tion Y where Y = y is the unique sum of all of the minterms

for which the function y = F(x) is false.

1 ]

Y=2:m¢f forallae{al|f =013-=/{a}
a a a
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h,h
372 b, Triadic map

y = m0 + m1 + m2 + m8 + m10+ m11+ m14+ m15

Figure 9.9. Canonical Il-form of an example function.

9.7.2 ill-form.

The EIll-form of a Boolean function y is a not-neces-
sarily-unigque sum of terms for which the function is true;
i.e., there may be more than one Ill-form for any given
function. The sum of terms, each of which is an implicant
of the function, includes sufficient terms to cover all of
the minterms for which the function is true.

For y:

y =1ty where every h ¢ { h | t, >y } {h}y

for Y:

11

Y = It , where every h'e {h [t +Y} {h},

The Marquand and triadic maps of the LN-form of the pre-
vious example function are shown in Figure 9.10.
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0 1 2 hl
o 1 210 1 2fp0 1 2 h0
X 0
|}
X
M — ¢ 01
e | \. 2 I I I
I ) o I)1I I
NEZ T -]
| T 2 O BEE .
x3x2 a. Marquand map 0
21
2 1 JEHO 0
h3h2 b. Triadic map.

Figure 9.10. Map of a Zll-form of y.

9.7.3. Maximal Lli-form.

The maximal Zll-form of a Boolean function y is the
unigue sum of all of the terms th for which the function

y is true.
A INl-form for y is a subset of the maximal Ill-form

of y.
For y:
y=£thfora11he{h|th+y}
y={th}max
For Y:

Yy = %'Hf for all h'e { h | to* Y }

The Marquand and triadic maps of the maximal ZIll-form for

the previous example are shown in Figure 9.11.
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0 1 2 h
o1 2|o 1 2{0 1 2 hé
0
X 01
0 2 I I T
~
0 Il I} I
I } } ll I ® e
A e
| WS S
Xaxz 4. Marquand map. 2 1
2 I alI ® .
h3h2 b. Triadic map.

y=t + t +t + t +t + t + t + t + t + t

20 23 26 30 31 32 39 40 41 747

b+t bt +t +t

5ot Egz F by TRyt tygtt,yte

+t 80

Figure 9.11. Map of the maximal IN-form of y.

9.7.4. Complete sum.

The complete sum of a Boolean function y is the sum

of all of the prime implicants of y:

{n}

y = It where all h < {h|t >y}
and ~(tp + ty) for all p = h
where p ¢ { h }y
y={th}h*

The Marquand and triadic maps of the complete sum of the
previous example function are shown in figure 9.12.

A prime implicant of a Boolean function y is an
implicant of y which is not implied by any other impli-
cant of the maximal Ill-form of y except itself.

There is a corresponding sum for Y.
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CHAPTER 9
0 1 2 h
o 1 2{0 1 2{0 1 2 it
X 0
xl
I —% 0
01
e
| O JENONNONNE
# '\ 0 kI I|I
I R 11 1| el e
2
X X a. Marquand map. ol I :
3 2
0
21
2 1 . @ ] e
hsh, b. Triadic map.

Figure 9.12. Map of the complete sum of y.

9.8 THE TRIADIC MAP ALGORITHM FOR FINDING THE
COMPLETE SUM OF vy

To solve (manually or via a computer program) a func-

tion for its complete sum, proceed as follows:
1. Map the function on the triadic map.

2. Use the triadic intersection chart (Figure 9.8)
to complete the triads. It is not necessary to
complete terms for Y as well as y, since the
maps would be dual. The complete map for an

example function is shown in Figure 9.13.
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0 1 2 h
o1 2|0 1 2f0 1 2 hé
x1 0
— —-—"xo 01 / / I
] [ ] # ] 2 1
’ Y ’ 0 /
’ LI AN A B VAN VAN I RO A I
2
I /2 L I I *
X X 0 I 1 I
3 2 . Marquand map,
21 I e .
2071/ ¢ /| #T]]|e"
h3}12 b. Triadic map.
Figure 9.13. Finding the complete sum.
3. Tind the lowest-ordered term which does not imply
Y but at least may imply y (denoted by / or I).
This is a prime implicant. Record it and cancel
it on the map. For the example function, the
first term found would be t10= X, Xy (see Figure
9.14a).
4. Cancel all ty, and t. terms for which this term

is t, (which form a triad with the chosen term).
Also, cancel terms which form a triad with any
of these terms. For th’ terms t13' tie t37, AR

1:63, t&, tep and t?O would be cancelled.
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5. Repeat, finding the next-lowest-indexed, uncan-
celled term each time. The resulting set of
terms form the complete sum of the function y.
(See Figure 9.14b and 9.14c. The complete sum
for the example is;

y = tio + tae + tgs + tze + tss + ty,

9.9 THE PETRICK FUNCTION SOLUTION FOR THE MINIMAL
LII-FORM OF y

Once the complete sum of y has been found, by what-
ever algorithm has been chosen, the minimal glI-form may
be found via a reduction of the prime implicant table.

The prime implicant table for the example function
of Figures 9.13 and 9.14 is shown in Figure 9.15.

The prime implicant table is a cross-reference of
the prime implicants and the minterms (rni > y) of the
function y.

From the columns of the table, one per minterm, form

the Petrick function as follows:

1. Each column contains a v for each prime impli-
cant which covers the minterm of that column.
In the example, minterm mg is shown to be covered

by prime implicants p,; and ps.

Form a sum term for each minterm using the symbol
'pi'for each of the prime implicants for that min-
term. In the example, the sum term for m, is

(pr + ps); for m;, it is (py + ps). The complete

expression is shown in Figure 9.15.

2. Solve the completed equation in NZ-form by expan-
ding it to Lli-form and selecting the term with
the minimum number of literals. This prdduct
term has as its literals the symbols of the prime
implicants of the minimal Zl-form of y.
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o 1 2 . 10
o 1 2 o] 1 2 0] 2 ho
0 ‘.,«”/"
o1 (/ /D [ 1Dat—"16 * F10
2 I
o /
11 /D it s
2
21 I [ .>
AW ITAVARAEZR! .
hyhy

a., First prime implicant and

its related triads.

note
0 1 2 h
o1 2l0o 1 2|0 1 2 hé
0
01 X X X| e
I
0 /
RENADAVANARS KA TIR
2 . triad
0 I I I
21 X X X
A NASININ 1 T|eg] #
h31"2 v

01 X X X

2

0 "‘"t35
SUNAP SVANAD S]]

’ triad
° 1 I I

21 X X X

2l i/ /el ]X

hyhy

¢, Third prime implicant.

Figure 9.14. Finding prime implicants via the triadic map.
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CHAPTER 9
term literals  symbol mg m} m3 my My mg m)3 M5
tio X2Xp Po o 4
t26 X2X]Xg P1 4 /
t3s X3X]1X( P2 v/
t36 X3Xp P3 . Y
tss X3X( Py y /Y
ty2 X3%) Ps S oV

Notes:
1. Ordering of terms, and therefore of subscripts

of py, 1s arbitrary and has no effect on the
solution.

2. To "cover" my there is a choice of p; or ps. To
cover m)s there is no choice, therefore prime
implicant x3x, (p3) is present in every solution.

S = (p1 + ps)(py + ps)(py + ps)(pg + pu)(pg + py) (1 + p2) (py + p3)(p3)

mg my m3 ms m7z g m 3 m g

Expand S into:

S = p1p3py + P1P2P3Py + ...

" where P1P3Py 1s (in this case) the minimal literal
product term representing the minimal Zli-form of y.

Figure 9.15. Prime implicant table.
For the example, p1p3p4 has the least number of
literals. Therefore, the minimal Ill-form of y is
Y = X2X1Xp + X3Xa2 + X3Xp.

The Boolean equation expansion is also available
on the parallel Boolean processor.
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9.10 LOGICAL INSTRUMENTS -- PRIME IMPLICANT GENERATION

9.10.1 Introduction

The triadic deck set is a pair of 80-column card
decks which implement the triadic approach to minimization
presented in Section 9.8. The first deck is for the
representation of the function by its minterms, and is
referred to as the binary or minterm deck. The second
deck, known as the triadic or term deck, is for the
representation of the function in triadic form.

The use of 80-column cards limits the function to a
maximum of four variables where the term to = 1 is not

v

represented.

9.10.2 The Minterm Deck

The minterm deck consists of 16 cards labeled O
through 15, one for each point identifier on a four-
variable map (one for each point in a four-variable
binary space).

Each card has a punch in every column in either row
O or row 7. A 7-punch is in any column whose numeric
label (1 through 80) is the same as the term identifier
for a term implied by the minterm,

(7-punch in column a of card i) = (mi + ta)

A O-punch is used in every column which represents
a term not implied by the minterm.

(O-punch in column a of card i) = ~(mi > ta)

A 7-punch is referred-to a non-punch with reference
to row O.

A triadic map is used to explain the cards throughout
this section. Figure 9.16 is a map representing the punch-
nonpunch configuration for card number 4 (which represents

minterm my).
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CHAPTER 9
0 1 2 hl
0 1 210 1 210 1 2 ho
ol X X X X
01) g X X X
2
o X marks all non-punches
11
2 each X is a term implied
by t =m
of x X X X / 4
A
21| x X X! X/
A4
2 .
h3h2 Figure 9.16. Map of minterm card 4.
The Marquand map of an example function is shown in
Figure 9.17. To use the deck, proceed as follows:

1. Rather than choose all cards from the minterm
deck where p, = 1 or p, = #, choose all cards
where p, = 0. The minterms chosen are the min-
terms of Y where Y = y. For the example func-
tion, cards 3, 4, 5, 6, 7, 9, 12, and 13 would
be chosen.

2. Form a deck with these cards. Hold the deck
to-a.light with the cards face-up and with the
O9-edge down. :

3. Observe the punches in the O-row. All columns

which have no punches visible are terms which

do not belong to the maximal Il-form of y. All
"windows" in the O-row represent terms which do
belong to the maximal Ill-form of y. (The triadic
map in Figure 9.18 is labeled with the term
identifiers of these terms for the example func-

tion.)
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X
2 IS
| 01010
* 10 | #
I olo|*
X X
3 2
Figure 9.17. Example funection.
0 1 2
0 1 2|0 1 2 0 1 2
0
c1
2 20 23 26
0 30] 3132
11 39| 40| 41
2
47 | 48] 49| 50 53
0
21
2 74 77178179 | 80
1'13h2

Figure 9.18. The maximal Ill-form of y.
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9.10.3 The Term Deck

The term deck contains 80 cards labeled 1 through 80
for each of the term identifiers for terms in a four-var-
iable triadic space. (Term to is excluded as trivial as
it represents y = 1.)

Each card contains punches in the column correspon-
ding to the term identifier of the term represented by the
card. These are in rows 3 (index punch) and O (prime
implicant punch).

Each card has been punched in row zero in each column
that represents'a non-implicant of the term which the card
represents.

Each card is non-punched in row O in each column that
represents an implicant of the term which the card repre-
sents. The exception is the prime implicant punch ref-
erenced above.

Figure 9.19 is a triadic map representing the punch/
non-punch configuration for card number 10 (which repre-

sents term ti9).

0 1 2 h,
0 1 2]0 1 210 1 2 hO
0 .
7
01
<\v/P X X X marks all non-punches
2
of ~1 each X is a term which
11 X X X implies t,,
2
0
21 X X X
2
h3h2

Figure 9.19. Map of triadic card 10.
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D 1 2 h
01 2o 1 2|0 1 2 hé
01
2 20
o 30 ' 'windows' of
11
complete sum
2
0
21
2 78
hBhZ

Figure 9.20. The complete sum.

To continue the example of Section 9.10.2:

4. Choose one triadic term card for each "window"
or term in the set of implicants of y (one card
for each term in the maximal Ill-form of y).

5. Add this set of cards to the set formed from
the minterm deck and, keeping them face-forward
and 9-edge down, hold them to a light so that
the holes may be examined.

6. This time, all columns which have visible
"windows" represent terms which are prime
implicants of y. This is the complete sum of
y. (The complete sum is not necessarily the
minimal Xll-form.) The triadic map of the com-
plete sum for the example function is shown in

Figure 9.20,
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7. To find the minimal @i -form of y, the cards are
used to generate the prime implicant table. Take
from the unused cards of the minterm deck those
cards which represent only the "1"s of the func-
tion, i.e., the minterms of the function y.

8. One at a time, place these cards upside down
behind the combined decks (i.e., 9-edge up, face
down).

9. The remaining visible windows represent the prime
implicants which cover the minterm represented
by the inverted card. (The inversion uses the
punches that are or are not present in row 7.)

10. Record this information in the prime implicant
table, remove the inverted card, and proceed to

the next until the table is completed.

11. Find the minimal Il -form using the Petrick func-
tion.
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